The dynamics of the full density matrix ρ of the system is described by the von Neumann equation:
We solve the above equation approximately using the 1vN approach. [1] [2] [3] In this approach only the density matrix elements, which connect the states differing by just one electron or hole excitation, are considered. Additionally, such a treatment is valid if the temperature T is larger than the tunneling rates, T Γ. In the other limit, T Γ, different approaches based on numerical renormalization group, 4 quantum Monte Carlo simulations, 5 or higher order expansions should be used.
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The density matrix elements are defined as
ag,bg = ag|ρ|bg ,
where |bg = |b ⊗ |g , with |b denoting the eigenstate of the dot Hamiltonian (5) and |g denoting the eigenstate of the lead Hamiltonian (2) . Here the label n provides the number of electron or hole excitations needed to transform |g into |g . For example, we will consider matrix elements of the type
bg,b g = bg|ρ|b g , ρ [1] bg−κ,ag = bg − κ|ρ|ag .
(S3)
Here we have introduced the following notation
By neglecting all the density matrix elements with more than one electron or hole excitation n ≥ 2 from Eq. (S1) we obtain the equations
a1g+κ1,b g (−1)
bg,a1g+κ1 (−1)
Here N b denotes the number of electrons in the state |b . Note that all indices with subscript 1 like a 1 , c 1 , κ 1 are summed over and the letter convention introduced in the main text is used. Also the matrix element g|c † κ c κ |g in the second term of the right-hand side of Eq. (S7) corresponds to the requirement that there is an electron in the single particle state corresponding to κ. Additionally, phase factors like (−1) N b appear due to order exchange of the lead operators with the dot operators, i.e., c κ (|b ⊗ |g ) = (−1)
N b |b ⊗ c κ |g . Summing Eqs. (S6) and (S7) over all the lead states |g we get
where we introduced the following notation
Here we have also assumed that the electrons in the leads are thermally distributed according to the Fermi-Dirac distribution f and that this distribution is not affected by the coupling to the quantum dots. This assumption leads to the following relations:
For the stationary state we assume the conditions
which allow to write Φ [1] in terms of
Here we have added a positive infinitesimal η = +0 to ensure a proper decay of initial conditions, which can be seen by formally integrating Eq. (S9):
(S14)
After performing a Markov approximation in the above integral, Φ
[0]
bb (t), and setting t → +∞ we also obtain Eq. (S13). We note that there is another possibility to choose the time dependence of Φ
[0] :
In this case we obtain,
which together with Eq. (S8) provides the WangsnessBloch-Redfield approach. 9 The denominators in Eq. (S16) differ from Eq. (S13) if non-diagonal density matrix elements Φ [0] bb are relevant. The oscillatory behavior in Eq. (S15) is suggested by the first right-hand side term in Eq. (S8).
After combining Eqs. (S8), (S12), and (S13) we get the 1vN approach equations for the steady state: (S17) Additionally, we impose the normalisation condition for diagonal density matrix elements:
Here in Eq. (S17) the tunneling rate matrix Γ is defined as
and the following integral was introduced
which appears after performing the k-sums using a flat density of states approximation, i. e., k → ν F D −D dE, with ν F denoting the density of states at the Fermi level and 2D denoting the bandwidth of the leads. In our calculations we assume that the bandwidth of the leads is the largest energy scale. Note that, in the limit D → +∞ the results become bandwidth independent 10 and that is what we also have checked in our numerical simulations. We note that the 1vN approach does not include any broadening effects of the quantum dot levels due to leads, which in principle could be included by different means (e.g., see Refs. [1, 7, 11, and 12] ).
Finally, we are interested in the current going from the lead into the quantum dots, which is given by
Here A(t) = e iHt Ae −iHt denotes the Heisenberg evolution of an operator A. In the steady state the current is obtained from Eq. (S21) in terms of Φ 
which is the main output presented in the paper. For all the calculations (except for Fig. 6 ) the principal part integral P in Eq. (S20) is neglected. The motivation for neglecting these terms is given in Section "Neglect of principal part terms" of the main text.
II. PAULI MASTER EQUATION
The Pauli master equation can be obtained from the 1vN approach by neglecting the coherences Φ bb , b = b . In such a case for the populations P b = Φ bb we obtain the equations: Fig. S1 . Wannier levels for the superlattice structure at a voltage drop of 21 meV per period. We use just three periods of this structure to model single particle levels in the serial triple dot.
where we have denoted Γ a→b = Γ ab,ba = Γ b→a = Γ ba,ab . Using the populations P b the steady states current is expressed as
III. MOTIVATION FOR PARAMETER VALUES
We consider a superlattice structure with 40 nm InAs wells (m eff = 0.026) and 3 nm InP barriers (m eff = 0.08, ∆E c = 0.6 eV) providing the period d = 43 nm. The serial triple dot is described by just three periods of such a structure. A standard calculation (see, for example, Ref. [13] ) provides the minibands E ν (q) ≈ E ν + 2T ν cos(qd) with E a = 7 meV, T a = −0.058 meV, E b = 28 meV, and T b = −0.23 meV. Figure S1 displays the corresponding Wannier functions, where an electric field of 21meV/d is applied, so that the ground state a of one well is in resonance with the excited state b of the neighboring well. The tunnel couplings between Wannier states from the same band ν in neighboring periods is T ν . Thus we identify
• Ω 13 = T a = −0.058 meV
• Ω 24 = Ω 45 = T b = 0.23 meV Furthermore, we obtain numerically the dipole matrix elements s nm = s mn = dzϕ * n (z)zϕ m (z) between the states. The non-vanishing values are s 21 = s 43 = 8.16 nm (which is also used for the calculation of Coulomb matrix elements for the interdot interaction after making a dipole expansion, see Ref. [14] ) and s 41 = s 32 = s 53 = −0.21 nm. For the operation bias this provides the tunnel couplings between states from different bands Ω nm = −eF s nm with the values
• Ω 41 = Ω 53 = Ω 32 = 0.103 meV
We note, that the same procedure is used for simulating quantum cascade lasers, where we obtain quantitative agreement for a variety of samples.
